The objective of this work is to develop and implement efficient numerical procedures for gradient based shape design optimization of steady, strongly coupled fluid-structure interaction problems. Nonlinearities in the analysis arise from both the solid behaviour, the fluid behaviour, and from the deformed interface, where the deformation of the interface is large enough to significantly alter the response. The solution for state is obtained using finite element residual formulations based on a consistent weak formulation of the fluid-structure interaction problem. The resulting nonlinear equations are solved using an approximate Newton method. Design sensitivity analysis (DSA) is performed by the direct differentiation method, and the resulting sensitivity equations are solved very efficiently by an incremental iterative method. Gradient based shape optimization is illustrated for finding the shape of a body with smallest drag in a flow governed by the two-dimensional steady Navier-Stokes equations for an infinitely stiff body but also for a very flexible body in strong interaction with the surrounding fluid. The shape optimization examples illustrate the potential of the described methods to solve nonlinear multidisciplinary design problems involving strongly coupled fluid-structure interaction.
Introduction

O
NE of the challenging areas of multidisciplinary analysis and design optimization is fluidstructure interaction problems due to the many nonlinearities involved. In this paper fluid-structure interaction between a viscous, incompressible fluid and an elastic solid undergoing large displacement is investigated. The nonlinearities arise from both the solid behaviour, the fluid behaviour, and from the deformed interface, giving designers of such problems many difficulties to handle. Design problems where the dependence of the flow domain on the deforming interface must be taken into account are encountered when considering flexible structures under aerodynamic or hydrodynamic loads, e.g., flexible aerodynamic structures such as wind turbine wings, hydraulic valves, parts of turbomachinery, thermal process equipment, lightweight bridges, and elastic vessels in interaction with biofluids. The topic of nonlinear fluid-structure interaction is therefore essential in both aerospace engineering, mechanical engineering, bioengineering, and civil engineering.
In aerospace applications the problem of nonlinear fluid-structure interaction is known as aeroelasticity and has been investigated in many years. There are many classical approaches based on linear theory, see e.g., 1 and much of the progress in nonlinear theories and computational aeroelasticity has been docu-mented in the series of proceedings 2-4 which together with the proceedings [5] [6] [7] give a broad overview of research done in the field of multidisciplinary analysis, design sensitivity analysis and optimization. The recent years growing interest in Multidisciplinary Design Optimization (MDO) has been most intense in aerospace engineering, see the survey. 8 Design sensitivity analysis is the computation of derivatives of a systems state variables with respect to design variables upon which the response of the system explicitly and implicitly depends. In the design process "what-if" is the all-important question and as stated in, 9 when you are dealing with complex, coupled systems, any design change is likely to have many subtle consequences. In such situations design sensitivities obtained by the methods described in this paper are very useful to guide judgmental design decisions or they may be input into an optimizer used for gradient based multidisciplinary design optimization of such coupled problems as illustrated in the last part of this paper.
It is well known that the sensitivity of the state variables to a design variable can be found by solving a linear system of equations, whose coefficient matrix is the Jacobian of the nonlinear residual, and whose right hand side is the derivative of the residual with respect to the design variable. 9 This approach is known as the Global Sensitivity Equation (GSE) and is efficient if the solution procedure is based on Newton's method. However, nonlinear fluid-structure interaction problems are characterized by a coefficient matrix -the Jacobian matrix of the residual equations -that may be large, ill-conditioned or unstructured, 10 and typically, an approximate Newton method based on an approximate Jacobian or so-called segregated methods are applied for the analysis. The use of segregated solvers that iterate back and forth between single-domain solvers has been very popular due to its use of existing fluid and solid discretization schemes, solution algorithms, and software, but the analysis typically takes more iterations to converge (if possible), and design sensitivity analysis is very inefficient using segregated methods. Typically a finite difference approximation of the sensitivities is used, and the cost of such an approach may be of the same order as the analysis, even though a good initial guess is available from the solution. If the goal is to obtain design sensitivities in an inexpensive way, the analysis and design sensitivity analysis must be closely connected 10 and such an approach is pursued in this paper.
It is the aim of the work presented in this paper to provide tools for what-if studies and design optimization of strongly coupled fluid-structure interaction problems by developing a general software package for robust and efficient analysis and design sensitivity analysis of such problems. The structural and fluid domains can be of very general nature, that is, of complex geometries, with the structure undergoing large displacements and the fluid governed by the incompressible Navier-Stokes equations.
The governing equations for a solution of the stationary fluid-structure interaction problem are described in the next section. The weak form of the problem is then derived using both Galerkin and Streamline-Upwind/Petrov-Galerkin finite element methods, and before the actual solution of the discretized equations is discussed a strategy for updating the computational mesh is proposed. Next the solution procedure of the nonlinear set of algebraic equations is described, leading to an efficient method for design sensitivity analysis. The methods for analysis and design sensitivity analysis are used as basis for gradient based design optimization, and two design optimization problems of minimum drag profiles will be studied for low-speed laminar flow. The first shape optimization example is the classical design problem where the body is assumed to be infinitely stiff, i.e., only the fluid part is modeled, but next the body is assumed to be very flexible, i.e., a strongly coupled fluid-structure problem is investigated and optimized. Finally in the last section of the paper, conclusions are given regarding the developed and implemented numerical procedures for gradient based design optimization of fluid-structure interaction problems.
Steady State Governing Equations
In this section the steady state governing equations for the separate fluid and structural problems are presented together with the interface coupling conditions. The viscous laminar incompressible flow is described by the stationary Navier-Stokes equations. In the solid governing equations the Green-Lagrange strain tensor is used to facilitate large displacements, and the constitutive law is for a linearly elastic material. These equations serve as the point of departure for generating appropriate weak forms for the coupled interaction problem.
Fluid State Equations
The steady state governing equations for an incompressible fluid in steady motion are written as, see e.g.,
and
where ρ is the fluid mass density, v is the fluid velocity vector, σ is the total fluid stress tensor, and f is a body force vector. Eq. 1 is the momentum equation expressed in an Eulerian reference frame, where the left hand side is due to convective acceleration and ∇·σ represents the internal forces in the fluid, consisting of both pressure forces and viscous forces. Eq. 2 is the condition of incompressibility. Assuming a Newtonian fluid the constitutive equation for the fluid is given by
where µ is the fluid viscosity, d is the viscous fluid stress tensor, and p is the fluid pressure. The form of the Navier-Stokes equations for an incompressible stationary flow given by Eqs. 1 and 2 is sometimes called a stress divergence form. The equations of state for the fluid are completed by the following boundary conditions,
where Γ N denotes a Neumann boundary with a prescribed traction equal to t, and Γ D denotes a Dirichlet boundary with a prescribed velocity equal to v.
Solid State Equations
The solid equation of state is expressed using the Total Lagrangian formulation, see e.g. 12 The deformation gradient F is introduced as
In the Total Lagrangian approach equilibrium is expressed in the initial undeformed configuration in terms of the 2nd Piola-Kirchhoff stress S
The solid is assumed to be isotropic and to behave linearly elastic. This can be expressed with the St. Venant-Kirchhoff material, see e.g.
Here λ and µ S are the Lamé constants. This constitutive model is used for simplicity because it has a direct analogy with the definition used in infinitesimal elasticity with the small strain tensor replaced with the Green-Lagrange strain tensor E defined by
It must be noted that this material description is only valid in the small strain regime.
Interface Conditions
The coupling conditions for the interface between the fluid and the solid are kinematic and equilibrium conditions as illustrated on Fig. 1 . The kinematic condition is the no-slip condition, i.e., continuity in velocity, and the equilibrium condition is interface continuity in tractions. This is written as
where n S is the outward unit normal to the solid at the interface between solid and fluid in the deformed configuration, n F = −n S , andu is the prescribed solid velocity. Due to the stationary situation considered the interface velocity is prescribed to be zero. The stresses σ are Cauchy stresses, i.e. stresses in the deformed configuration. 
Weak Form of Fluid-Structure Problem
The weak forms of the boundary value problems are generated with a weighted residual method. In this work both the classical Galerkin finite element method and the Streamline-Upwind/Petrov-Galerkin (SUPG) method are used. The classical Galerkin method works well only when the diffusion term in Eq. 1 is dominant (i.e., low Reynolds numbers) due to its central differencing property. When the flow is dominated by convection (i.e., high Reynolds numbers) the Galerkin method produces spurious wiggles in the solution and a drastic decrease in element size may be required in order to obtain a sufficiently small element Reynolds number. A computationally more attractive approach is the introduction of a stabilized finite element method like SUPG. An overview of stabilized finite element formulations for incompressible fluid flow problems can be found in.
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Galerkin Weak Form of Fluid Equations
The steady state Navier-Stokes equations, Eqs. 1 and 2, are recast in weak form. For the momentum equation this becomes
Here w is the usual weight function related to velocities, i.e., the velocity shape function. Using the identity ∇ · (A · u) = u · (∇ · A) + A : ∇u the right hand side of Eq. 13 can be rewritten as
Using Gauss' divergence theorem to reduce the continuity requirements of the interpolation functions one possible weak form of the equilibrium equations is written as
If Eq. 3 is inserted and use is made of I : ∇w = ∇·w then the final weak form looks like
The weak form for the divergence constraint, Eq. 2, is generated simply by
Here ψ is the usual weight function related to pressure, ie., the shape function used for interpolating pressure. The discrete function spaces from which the weighting functions and shape functions ultimately have to be chosen from, should satisfy the inf-sup condition (compatibility condition of Babuška-Brezzi due to the constrained nature of incompressible flows), see e.g.
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It is noted that in Eq. 16 a ∇ · v term could have been removed by invoking the incompressibility condition Eq. 2. This is immaterial in the continuum, but in the discretized problem there will be a slight difference, because the weight functions w are not divergence free.
Here it is of interest to examine the natural boundary conditions of this weak form. It can be noted from Eq. 15 that the natural boundary condition to this weak form is prescribed tractions in form of the full stress tensor σ, and when fluid-structure interaction problems are to be solved it is convenient to have physical tractions on the right hand side which are then readily available for subsequent coupling terms with the solid tractions.
SUPG Weak Form of Fluid Equations
The SUPG method uses weight functions that consist of the Galerkin weight functions and an added perturbation function that depends on a stabilization parameter τ , the local velocity field, and the derivatives of the shape functions. In this way the SUPG method stabilizes the formulation with respect to convection effects by adding diffusion only in the direction of the flow, i.e., with a minimum of crosswind diffusion. 16, 17 Furthermore, the Babuška-Brezzi condition is also circumvented by stabilizing the incompressibility constraint in Eq. 17. This makes it possible to use equal order interpolation functions for velocity and pressure.
18 Details about the SUPG method can be found in, e.g.
14, 16, 19
The weighted residual method applied for the SUPG method is derived in a similar way as shown for the Galerkin method above, see e.g., 17 and again physical tractions appear as natural boundary conditions.
Weak Form of the Solid Equations
For the solid equilibrium equations, Eq. 8, the weak form is also a weighted residual formulation. The method to generate the appropriate equations is known as the principle of virtual work.
Proceeding as above for the fluid equations, the weak form of the solid equations is obtained as
This is rewritten using the symmetry of σ σ : ∇w dΩ = σ :
or
which is the virtual work equation, whered is the virtual rate of deformation tensor. Using coordinate transformations and pulling back the Cauchy stress and the rate of deformation tensor, it can be shown that
whereĒ is the virtual rate of the Green strain tensor.
Coupling of Fluid and Solid
A weighted residual formulation of the interface continuity of traction is obtained by forming the inner product of the continuity of traction, Eq. 12, and a weight function
i.e.
Separately the two integrals in Eq. 24 are exactly what is calculated in the element routines for solid and fluid, respectively, and this is exactly the reason for pursuing the stress divergence form of the Navier-Stokes equations. This means that the interface residual is calculated in a consistent manner, provided that the weight functions agree when restricted to the interface. 20 In this way the interface conditions can be implemented as a driver routine with calls to the element routines for solid and fluid, respectively, that calculates the current residual. When the residual is available the rest is just interchanging values for the shared nodes on the interface.
Updating of the Fluid Mesh
When the displacement of the interface becomes larger than the extent of the nearest fluid finite element it is no longer sufficient to just update the interface nodes of the fluid elements at the interface. Then a strategy for updating the entire fluid mesh is necessary. As the mesh updating strategy it has been chosen to solve an auxiliary elastic problem for the fluid mesh, considering the fluid as a linearly elastic solid, and imposing the calculated solid displacements from the coupled problem as nodal displacements. Low order elements and a direct factorization of the stiffness matrix are used, so in this way the updating of the mesh is very cheap, amounting to one back substitution and one load vector calculation for every update. The time spent on updating the fluid mesh in this way is of the same order as the time spent for calculating the nonlinear residual for the coupled problem with quadratic elements.
When the solid deformations are very large a direct elastic analogy for the fluid domain becomes problematic because the prescribed deformation can cause some of the fluid elements to degenerate, see Fig. 2a . A simple strategy that works well is to scale the elastic properties for the associated elastic problem by a measure of the distance to the nearest fluid-solid interface.
The stiffness matrix K of the mesh updating problem is calculated as
where d i is the distance of the centre of element i to the nearest interface, and p is a scaling factor, deciding how local the scaling of the element stiffness matrix k i should be. Many authors have proposed to scale the element stiffness matrix by the reciprocal value of the element area, see, e.g., 21 but the stiffness scaling described by Eq. 25 tends to yield better mesh quality for all examples studied. 22 An example of updated meshes using the stiffness scaling is shown in Fig. 2 , where the initial geometry is circular. Here it is seen that the stiffness scaling significantly improves the quality of the computational mesh near the interface. 
Coupled Solution Method
Using the weak forms of the previous section a discrete problem can be made by the usual finite element interpolating and weighting functions. The non-linear set of equations is solved iteratively using an incremental approximate Newton method, i.e. with some approximation of the Jacobian matrix
Newton
Iteration k + 1 in the solution procedure can be described as solving Eq. 27 for a solution update ∆u
and then update the state variables as
where λ is a relaxation parameter found by an inexact line search method. This is done in order to globalize the iterations. λ is chosen based on the restriction that any small decrease in the residual of the problem is accepted. For explanatory purposes the state variables u are grouped as u F containing fluid variables, u S containing solid variables, and u I containing interface variables. The fluid variables u F consist of all fluid nodal velocities and all fluid nodal pressures, the solid variables u S consist of solid nodal displacements except for nodal displacements of the interface. These are contained in the interface variables u I .
For the strongly coupled fluid-structure interaction problem the total residual R is partitioned into R F (u F , u I ), which is the residual of Navier-Stokes equations on the whole fluid solution domain, i.e. R F contains the fluid conservation of momentum residual, fluid conservation of mass residual, and interface conservation of mass residual, and R S (u I , u S ) which is the residual of solid equations calculated in the solid domain, and R I (u F , u I , u S ) which is the residual of the condition of continuity of interface tractions.
With this partitioning of the variables Newton's method
where the state variables are updated according to Eq. 29, and the notation used is J IF = ∂RI ∂uF , etc. If Eq. 30 is solved by a direct method, J is needed explicitly. The storage requirements for the system Jacobian J can be quite severe because of the interface. Especially the dependence of the fluid nodal coordinates on the interface displacements, i.e. J F I , requires a vast amount of computer storage. Considering one interface displacement degree of freedom (d.o.f.), it is observed that this one d.o.f. has the potential to move the fluid mesh everywhere. This means that the derivative of the fluid residual w.r.t. the interface displacements will be a dense matrix. If this submatrix were to be computed it would be dependent on the mesh updating strategy, and with the mesh updating strategy used here every column will require state sensitivities of the fluid nodal displacements from the mesh update.
Giving up the Newton quadratic convergence by omitting e.g. J F I the exact Jacobian can be split into the algorithmic approximationJ and a defect J d , i.e.
This means that J F I and also the dependency of the mesh updating are not included in the approximate JacobianJ
This approximate JacobianJ is used when solving Eq. 30, and a direct solver is used for the examples in this paper.
If an iterative solution method is used, J is not explicitly needed, but instead it's product with some vector. This product can be approximated by a computationally efficient finite difference scheme using the well known device of recognizing the product Jz as the directional derivative of the residual, a definition of which is
It is worth noticing that most analysis schemes for fluid-structure interaction problems do not try to solve the full system of equations as described by Eq. 30 but instead decompose the problem into a linearized fluid problem
which is solved for fluid variables and next the change in displacements is found by solving the solid problem linearized with respect to fluid loading
(35) Eqs. 34 and 35 can be solved in an iterative closed loop until overall convergence is achieved. However, this segregated solution scheme which is a fixed-point iteration method can be shown only to converge, 10, 23 
where ρ is the spectral radius. Physically, this means that if there is a strong coupling between the fluid and the structure, then the segregated solution procedure may not converge. For strongly coupled fluid-structure interaction problems the fixed-point iteration method illustrated above has proved to be much slower than solving Eq. 30 and it might even not converge. Therefore Eq. 30 is used for solution of state because this approximate Newton method analysis scheme also has a great advantage in effective design sensitivity analysis.
Design Sensitivity Analysis
The implementation of efficient methods for design sensitivity analysis is essential for gradient based design optimization of strongly coupled fluid-structure interaction problems due to the significant computational expense involved in a solution for state. Thus, the straightforward use of one-sided difference formulae based on repeated solutions of problems with perturbed design parameters is unsatisfactory, since a full perturbed analysis is required for each design variable and because of the inaccuracy problems involved in the choice of perturbation sizes.
Therefore, design sensitivity analysis of the coupled problem is done by the direct differentiation method, see e.g. 9, 24 In this paper only stationary problems are considered, however basically all other problems can be handled using the same methodology, for example, design sensitivity analysis of transient problems.
Noting that at a solution R(u(a), a) = 0, the sensitivities of the state variables can be found by differentiation with respect to a design variable a i
The right hand side of Eq. 38, ∂R ∂ai , is sometimes called the pseudo load vector. It can easily be calculated analytically for material design variables, but for shape variables this requires some lengthy algebra. In this work the pseudo load vector is evaluated by a central finite difference approximation, i.e., the approach falls in the category of semi-analytical methods. If a factored full system Jacobian was available the solution of Eq. 38 would be very efficient, requiring only one back substitution per design variable. Since the factored exact Jacobian matrix is not available (we do not have enough computer power and memory to compute and store it), Eq. 38 has to be solved by an iterative method. Inserting Eq. 31, the sensitivity equation can be written as
Rearranging gives
The goal is now to write Eq. 40 in a way that allows the use of the finite difference formula for the product of the Jacobian and a vector, see Eq. 33. This can be obtained if the fixed point update type of iteration of Eq. 40 is changed to an incremental strategy with the
Inserting Eq. 41 into Eq. 40 and rearranging terms gives the incremental iterative method wherẽ
In this way sensitivities can be calculated very efficiently, reusing the factored approximate matrixJ from the solution of the state variables. The matrixvector product J du dai k is computed very efficiently using Eq. 33, and the iterations in Eq. 42 are performed until the norm of the right hand side − ∂R ∂ai − J du dai k is acceptable small, meaning that Eq. 38 has been solved to the desired accuracy.
Shape Optimization Examples: Minimum Drag Shapes
The implemented analysis and design sensitivity analysis facilities form the basis for gradient based design optimization of fluid-structure coupled problems. In the following shape optimization examples the optimization problem is solved by sequential linear programming (SLP) where the nonlinear optimization problem is transformed into a sequence of linearized subproblems.
Very few test examples of shape optimization of strongly coupled fluid-structure interaction problems can be found in the literature and therefore the starting point will a classical fluid design problem studied by several people: the minimum drag shape in twodimensional viscous flow, see Fig. 3 . The design optimization problem is to find the minimum drag resistance shape of an object with given minimum volume V 0 which is moving at constant low speed U 0 . The problem of drag minimization is equivalent with minimizing the dissipated energy or minimizing the net energy deficit evaluated over a control surface S that surrounds the body. A volume constraint, V ≥ V 0 , is applied in order to avoid trivial solutions, i.e., the shape optimization problem is defined as
Pironneau derived the first order necessary conditions for minimum drag profiles in Stokes flow 25 and Navier-Stokes flow. 26 Glowinski and Pironneau 27 determined numerically the approximate shape of a given area with smallest drag in laminar flow using the boundary layer approximation, and the design problem was later confirmed and elaborated on by Kim and Kim 28 for a family of minimum drag profiles in low-speed laminar flow (Reynolds number Re ≤ 40 because the flow at higher Reynolds numbers is in general unsteady). At low-speed laminar flow the profile is shaped like a rugby ball that tends to become more slender with increasing Reynolds number. At higher Re, as the pressure drag becomes more significant, the symmetry about the vertical axis disappears and the body begins to take the shape of a symmetrical airfoil. The shape optimization problem in case of Stokes flow has also been investigated using global approximation methods like response surface appproximations and artificial neural networks.
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Now two examples of minimum drag profiles will be studied for Reynolds number Re = 10. The first shape optimization example is the classical problem where the body is assumed to be infinitely stiff, i.e., only the fluid part is modeled. Next the body is assumed to be very flexible, i.e., a strongly coupled fluid-structure problem is then investigated.
Minimum Drag Shape of Infinitely Stiff Body
In case of an infinitely stiff body moving in lowspeed laminar flow at Re = 10 the parameterization of the problem is performed using the standard CAD parameterization of a B-spline with eight control points, see Fig. 4 . The diameter of the initial (approximately) circular geometry is 1.0, i.e., the area is π/4, and the eight control points controlling the shape of the body are each associated with a translational shape design variable.
The allowable positive/negative horizontal movement of control points 1,2,7, and 8 is 0.8 while control points 3, 4, 5, and 6 are allowed to move 0.4 vertically. Due to symmetry of the problem only half of the domain is considered, see Fig. 5 . Since the minimum drag profile in a uniform flow in an unbounded domain is investigated, the computational domain should be sufficiently large that the results are not significantly changed by a change in domain size, and this has lead to the dimensions shown on Fig. 5 . Using this computational model the drag of the initial profile is computed to 1.398 and the drag of the optimum profile is found to be 1.209. This value is 1.9% higher than the value reported by Kim and Kim, 28 and the difference is believed to be related to the computational model as their initial drag value is also 2.8% smaller. The optimization problem has a very flat minimum as the difference in objective function between design iterations 7 and 15 is less than 0.3% even though some of the shape design variables are changed by 25% during these final iterations. The optimum shape is found to be very close to the profile found by Kim and Kim, 28 see horizontal velocities for final geometry on Fig. 7 . 
Minimum Drag Shape of Flexible Body
Next the body is assumed to be very flexible such that the structural displacements have a large impact on the geometry of the body and thereby on the fluid flow. The flexible body is assumed to behave linearly elastic with Young's module = 10 and Poisson's ration = 0.3, and the St. Venant-Kirchhoff material law is assumed for simplicity. In order to introduce realistic structural boundary conditions a small piece of stiff material having a stiffness 100 times higher than the soft material is placed in the left front of the flexible body, and this stiff material is assumed to be fixed at the line of symmetry. The dimension of the stiff material area is 0.1 x 0.02 placed symmetrically around the x-axis, see Fig. 8 . The parameterization introduced for the stiff cylinder is also used here, and now the shape optimization problem is posed: What is the optimum (undeformed) shape of the flexible body that minimizes drag in the deformed configuration?
The horizontal velocities and displacements for the initial geometry are shown on Figs. 9 and 10, and the quality of the mesh is seen to be maintained in the deformed configuration. The power p used in Eq. 25 for scaling the element stiffness in the auxiliary elastic problem for the fluid mesh updating is set to 1.2 in this example. Again SLP is used for solving the mathematical programming problem and the iteration history is shown on Fig. 11 . Due to the highly nonlinear analysis problem considered the computed design sensitivities are only valid in a small region around the current design point, and an adaptive move limit strategy allowing a maximum change of 5% of each shape variable in each design iteration has been used.
The minimum drag profile of the soft body in its undeformed configuration is seen to be different from the profile of the optimum stiff body. The shape is asymmetric as more material has been put at the left part of the body, and the reason for this is obvious when comparing the undeformed and deformed configurations, see Fig. 12 . In the deformed configuration the shape is seen to be very close to the one obtained for the stiff cylinder. The only visible difference is the left front of the body because the small piece of stiff material is not allowed to change shape, i.e., the drag of this profile will be slightly larger due to the forced 90 o angle at the left front. The drag is 1.222 for the fluid-structure coupled problem while it is 1.209 for the optimum profile of the stiff body.
The shape optimization procedure thereby makes it easy to design the structure such that the structural deformations will bring it to the desired shape when interacting with the fluid. This is known as the so called jig shape approach 8 in aerodynamics where the effects of structural deformations on aerodynamic per- A zoom at the fluid mesh in its initial and updated configuration at the left front for the final design can be seen on Fig. 13 , and again the updated fluid mesh is seen to be of good quality. This shape optimization example illustrates that optimum shape designs of strongly coupled fluidstructure problems can be found very efficiently using the proposed analysis and design sensitivity analysis methods as basis for gradient based optimization. The time spent on computing sensitivities is about 2% of the analysis time for the current example and this percentage will be even lower for larger problems because the sensitivity analysis involve only back substitutions and finite differencing on residual evaluations when a direct solution method is applied.
Conclusions
In this paper consistent and efficient methods for analyzing and computing design sensitivities of steady state fluid-structure interaction problems have been presented. The analysis is based on a finite element discretization of a consistent weak formulation for the coupled problem, and the resulting discrete system of equations is solved by a residual based approximate Newton method. The implemented method for design sensitivity analysis is based on the direct differentiation approach and is very efficient because the factored approximate system Jacobian is reused. The sensitivity equation is solved in an incremental iterative fashion involving only back substitutions and finite differencing on residual evaluations. It is worth noting that the efficient design sensitivity analysis rely heavily on accurate and fast evaluation of the residual.
Strongly coupled fluid-structure interaction problems may involve very large elastic deformations, that necessitate updating of the computational mesh for the fluid domain. A good quality of the mesh has been maintained by using an elastic analogy for the fluid domain with the help of scaling the local stiffness matrices by a measure of the distance to the nearest fluid-solid interface.
The implemented methods for analysis and design sensitivity analysis have been used as basis for gradient based design optimization, and two examples of finding the minimum drag shape of a two-dimensional body in low-speed laminar flow have been presented. The classical problem of minimum drag shape of an infinitely stiff body was used as starting point, and next it was illustrated how the design optimization algorithm finds the optimum (undeformed) shape of a very flexible body that minimizes drag in the deformed configuration. The examples involve laminar flow only but if an algebraic turbulence model like the BaldwinLomax model is applied then the proposed methods have proved also to be very efficient in analysis and design sensitivity analysis of problems involving turbulent flow. 30 The next step will therefore be to solve real-life engineering fluid-structure interaction problems involving turbulent flow.
